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Abstract
Let M be a nontrivial compression body without
toroidal boundary components. Let X (M) be the
PSL(2,C)-character variety of pi1(M). We examine
the dynamics of the action of Out(pi1(M)) on X (M),
and in particular, we find an open set on which the
action is properly discontinuous that is strictly larger
than the interior of the deformation space of marked
hyperbolic 3-manifolds homotopy equivalent to M .
In this paper we use the deformation theory of hyperbolic 3-manifolds
to study the dynamics of Out(pi1(M)) on the PSL(2,C)-character variety of
pi1(M) when M is a nontrivial compression body without toroidal boundary
components. In particular, we find a domain of discontinuity for the action
that is strictly larger than the previously known domain of discontinuity.
The study of Out(pi1(M)) acting on character varieties or representation
varieties is a blooming field of study. One motivation comes from the clas-
sical result that the mapping class group of a closed oriented surface S of
genus at least two acts properly discontinuously on T (S) the Teichmu¨ller
space of S. Teichmu¨ller space T (S) is a component of the representation
variety Hom(pi1(S),PSL(2,R))/PSL(2,R) and together with T (S¯) the Te-
ichmu¨ller space of S with the opposite orientation, form the set of discrete
and faithful representations. The group Out(pi1(S)) acts properly discon-
tinuously on T (S) unionsq T (S¯) and Goldman conjectured that the action on the
remaining components is ergodic. The so-called higher Teichmu¨ller spaces,
which are analogies of Teichmu¨ller space for higher rank Lie groups, also
form domains of discontinuity (see, for example, [25], [43], [20]).
A compression body is the boundary connect sum of a 3-ball, a collec-
tion of I-bundles over closed surfaces and a handlebody where the other
∗Partially supported by NSF RTG grant DMS 0602191
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components are connected to the 3-ball along disjoint discs. The PSL(2,C)-
character variety of pi1(M) is
X (M) = Hom(pi1(M),PSL(2,C))//PSL(2,C),
the quotient of Hom(pi1(M),PSL(2,C)) from geometric invariant theory.
The group Out(pi1(M)) acts on X (M) in the following way: an outer au-
tomorphism [f ] maps a representation [ρ] to [ρ ◦f−1]. Sitting inside X (M)
is AH(M) the space of conjugacy classes of discrete and faithful represen-
tations of pi1(M) into PSL(2,C). It can also be thought of as the space
of marked hyperbolic 3-manifolds homotopy equivalent to M. Using the
parametrization of the interior of AH(M) (see [14] Chapter 7 for more de-
tails on this parametrization), it is well known that this action is properly
discontinuous on the interior of AH(M). In this paper we find a domain of
discontinuity containing the interior of AH(M) as well as some but not all
points on ∂AH(M) when M is a nontrivial hyperbolizable compression body
without toroidal boundary components. Namely, we prove the following.
Theorem 1. If M is a nontrivial hyperbolizable compression body with-
out toroidal boundary components, then there exists an open, Out(pi1(M))-
invariant subset SS(M), called the set of separable-stable representations,
in X (M) containing the interior of AH(M) as well as points on ∂AH(M)
such that the action of Out(pi1(M)) is properly discontinuous on SS(M).
In proving the theorem we show that pinching a Masur domain curve
or lamination on the boundary component are points in this domain of
discontinuity.
Canary-Storm ([16]) showed that whenever M has an primitive essential
annulus the action of Out(pi1(M)) cannot be properly discontinuous on all
of AH(M). As compression bodies contain primitive essential annuli, one
cannot hope to obtain a domain of discontinuity for this action containing
all of AH(M).
Theorem 1 is a generalization of a result by Minsky ([32]) in the case
when M is a handlebody. He introduced the notion of primitive-stable rep-
resentations and showed that if Hg is a genus g hyperbolizable handlebody,
then the set of primitive-stable representations, denoted PS(Hg), is a do-
main of discontinuity for the action of Out(Fg) containing the interior of
AH(Hg) as well as points on ∂AH(Hg), where Fg is the free group on g
generators. The set SS(Hg) of separable-stable representations, in the case
when M is a handlebody of genus g, is contained in but not a priori equal
to PS(Hg), although the two sets coincide on AH(Hg).
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The incompressible boundary case was resolved by Canary-Storm ([16]),
Canary-Magid ([13]) and Lee ([27]); they showed that in this case, there
exists an open Out(pi1(M))-invariant set, containing the interior of AH(M)
and points on the boundary of AH(M), on which Out(pi1(M)) acts properly
discontinuously if and only if M is not a trivial I-bundle over a closed
orientable hyperbolic surface.
We end the introduction with a brief outline of the paper. In Section 1
we recall background material from topology and hyperbolic geometry that
we will need. In Section 2 we define the set of separable-stable representa-
tions and show that it is an open, Out(pi1(M))-invariant subset of X (M)
containing the interior of AH(M) on which Out(pi1(M)) acts properly dis-
continuously. In Section 3 we find two types of points on ∂AH(M) that are
separable-stable; namely points [ρ] whose associated hyperbolic manifold Nρ
is homeomorphic to the interior of M that satisfy one of the following two
conditions: Nρ is geometrically finite with one cusp associated to a Ma-
sur domain curve or Nρ is purely hyperbolic with one geometrically infinite
end corresponding to the compressible boundary component. As the inte-
rior of AH(M) consists of convex cocompact representations, these points
lie on ∂AH(M). This will complete the proof of Theorem 1. In Section 3
we make use of Otal’s generalization of Whitehead graphs to compression
bodies described in ([36]). As it is difficult to procure, we give proofs of
many of the results we use. In Section 4, we study further the structure of
SS(M) and show that when M is a large compression body, there exist con-
nected components of SS(M) that coincide with components of the interior
of AH(M).
Acknowledgements: The results in this paper form part of the au-
thor’s Ph.D. thesis under the guidance of Dick Canary. The author warmly
thanks Dick Canary for his valuable support and advice.
1 Preliminaries
1.1 Compression bodies
A compression body is a compact, orientable, irreducible 3-manifold M with
a boundary component ∂extM , called the exterior boundary, whose inclusion
induces a surjection pi1(∂extM)→ pi1(M). The other boundary components
are called interior boundary components. Equivalently, a compression body
is a boundary connect sum of a 3-ball, a collection of solid tori and a collec-
tion of trivial I-bundles over closed surfaces such that the other summands
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are attached to the 3-ball along disjoint discs.
A compression body is trivial if it is a trivial I-bundle over a closed
surface. A compression body is small if there exists an essential, properly
embedded disc D such that M−D is either two trivial I-bundles over closed
surfaces or one trivial I-bundle over a closed surface; otherwise M is a large
compression body.
The fundamental group of a compression body can be expressed as
G1 ∗ G2 ∗ · · · ∗ Gn where Gi is isomorphic to a closed surface group for
1 ≤ i ≤ k and Gj is infinite cyclic k < j ≤ n. By Grushko’s theorem ([19])
and Kurosh’s subgroup theorem ([24]) any other decomposition of the fun-
damental group into a free product, H1 ∗H2 ∗ · · ·Hm, where each factor is
freely indecomposable, satisfies n = m and Hi ∼= Gi, up to re-ordering.
One can also think about splittings of pi1(M) into free products geomet-
rically. Suppose that D is a properly embedded essential disc in M and M1
and M2 are the components of M\N (D) where N (D) is a regular neigh-
borhood of D. If M ′i = Mi ∪ N (D) then pi1(M) ∼= i∗(pi1(M ′1)) ∗ i∗(pi1(M ′2))
where i is inclusion and the basepoint is chosen to lie in D. As the basepoint
my change, this splitting is only well-defined up to conjugation.
As the following lemma shows, the converse is also true.
Lemma 2. Let M be a compression body and pi1(M) = H ∗K a nontrivial
splitting of pi1(M) into a free product. Then, there exists a properly embedded
disc D realizing the splitting in the sense described above.
Proof. Recall that M is a boundary connect sum of a collection of solid tori,
a collection of trivial I-bundles and a 3-ball such that the other summands
are attached to the 3-ball along disjoint discs. The splitting corresponding
to this connect sum, G = G1 ∗ G2 ∗ · · · ∗ Gn, where Gi is isomorphic to
the fundamental group of a closed surface for 1 ≤ i ≤ k and Gj is infinite
cyclic for k < j ≤ n has the following property. If σ is any permutation
of {1, . . . , n} then the splitting G′ ∗ G′′ where G′ = Gσ(1) ∗ · · · ∗ Gσ(l) and
G′′ = Gσ(l+1) ∗ · · · ∗Gσ(n) is realizable by an essential disc ∆σ.
A result of McCullough-Miller ([31] Corollary 5.3.3) describes the cosets
of Homeo+(M), the group of orientation preserving homeomorphisms, in
Out(pi1(M)) in the following way. For each surface group factor Gi, let
fi : G→ G be an automorphism such that fi|Gj = id |Gj for i 6= j and fi|Gi
is an orientation-reversing automorphism; notice that fi and fj commute
for all i, j ≤ k. The cosets of Homeo+(M) in Out(pi1(M)) are {fi1 ◦ fi2 ◦
· · · ◦ fil ·Homeo+(M)} for 1 ≤ i1 < i2 < · · · < il ≤ k.
Let σ be a permutation of {1, . . . , n} such that GH = Gσ(1) ∗ · · · ∗Gσ(l)
is isomorphic to H and GK = Gσ(l+1) ∗ · · · ∗Gσ(n) is isomorphic to K. Such
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a permutation must exist by the uniqueness of a decomposition of G into a
free product with freely indecomposable factors. By the discussion above,
there exists a disc D′ realizing the splitting G = GH ∗ GK . We can find
an automorphism φ : G → G such that φ(GH) = H and φ(GK) = K.
Notice that the automorphisms fi do not affect the splitting of G. By
pre-composing with fi, if necessary, we can assume that φ|Gi for i ≤ k is
orientation-preserving. Hence, φ is realizable by a homeomorphism fφ and
we can take D to be the image of fφ(D
′).
1.2 Hyperbolic geometry
For this section, let N denote a hyperbolic 3-manifold, that is N ∼= H3/Γ,
where Γ is a discrete group of orientation-preserving isometries of H3. Given
 > 0, the -thin part of N is
Nthin() = {x ∈ N | injN (x) < },
where injN (x) is the injectivity radius of N at the point x. The -thick part
Nthick() is the complement of Nthin(). There exists a constant µ3 > 0, called
the Margulis constant, such that for any hyperbolic 3-manifold N and any
 < µ3, each component of Nthin() is one of the following (see [2], Chp. D):
(a) a metric neighborhood of a closed geodesic,
(b) a parabolic cusp homeomorphic S1 × R× (0,∞), or
(c) a parabolic cusp homeomorphic to T × (0,∞), where T is a torus.
Let N0 denote N with all components of type (b) and (c) removed.
The convex core C(N) of N is the smallest convex submanifold of N such
that the inclusion of C(N) into N is a homotopy equivalence. The limit set
Λ(Γ) ⊂ ∂H3 is the smallest, closed Γ-invariant subset of ∂H3. When Γ is
non-elementary, C(N) is CH(Λ(Γ))/Γ, where CH(Λ(Γ)) is the convex hull
of the limit set Λ(Γ). N is called convex cocompact if C(N) is compact.
N is called geometrically finite if C(N) ∩N0 is compact and geometrically
infinite otherwise.
In general, when pi1(N) is finitely generated there exists a compact sub-
manifold C, called the compact core, whose inclusion induces a homotopy
equivalence with N (see [37]). Moreover, C can be chosen such that it inter-
sects each component of the noncompact portion ofNthin() in a single incom-
pressible annulus if the component is homeomorphic to S1×R× (0,∞) or a
single incompressible torus if the component is homeomorphic to T × (0,∞)
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(see [30]). A compact core that intersects each component of the noncom-
pact portions of Nthin() in this way is called a relative compact core.
The domain of discontinuity Ω(Γ) is the complement of Λ(Γ) in ∂H3;
it is the largest open set of ∂H3 on which Γ acts properly discontinuously.
It can be uniquely endowed with a Γ-invariant hyperbolic metric, confor-
mally equivalent to the metric induced by considering Ω(Γ) as a subset of
∂H3 ∼= CP 1. The conformal boundary of N is ∂CN = Ω(Γ)/Γ a collection of
hyperbolic surfaces obtained by taking the quotient of Ω(Γ) by Γ. The con-
formal bordification of N, (H3 ∪Ω(Γ))/Γ is homeomorphic to C(N), except
when Γ is Fuchsian.
1.2.1 Measured laminations
Let T be a closed hyperbolic surface. A (geodesic) lamination on T is
a closed subset λ ⊂ T which is a union of disjoint simple geodesics. A
leaf of λ is a simple geodesic in λ. A lamination λ is minimal if each
half-leaf is dense in λ. A measured lamination is a pair (λ, ν) where λ is
a geodesic lamination and ν is a Borel measure on arcs transverse to λ
such that the support of ν is λ and ν is invariant under isotopies of T
preserving λ. Let ML(T ) denote the space of measured laminations on T
with the weak-∗ topology on measures and let PML(T ) denote (ML(T )−
{∅})/R+, the space of projective measured laminations. Weighted simple
closed geodesics are dense in ML(T ) ([40], Proposition 8.10.7). For two
simple closed geodesics γ1 and γ2 the intersection number i(γ1, γ2) is the
number of points in γ1 ∩ γ2. This intersection number naturally extends to
any two weighted simple closed geodesics and furthermore to a continuous
map i : ML(T ) ×ML(T ) → R≥0 (see [3] Proposition 4.4). A measured
lamination (λ, µ) is filling if for any other measured lamination (α, ν) with
different support, i((λ, µ), (α, ν)) is nonzero.
1.2.2 Masur domain laminations
For this section suppose that M is a compression body. A meridian is a
simple closed curve on ∂M that is nontrivial in pi1(∂M) but is trivial in
pi1(M). Let M denote the set of meridians on ∂M and let M′ denote the
closure ofM in PML(∂ext(M)) (here we fix a convex cocompact hyperbolic
structure on M and consequently a hyperbolic structure on ∂M). Let
M′′ = {λ ∈ PML(∂ext(M))| there exists a ν ∈M ′ such that i(λ, ν) = 0}.
Definition 3. If M is not the connect sum of two trivial I-bundles over
closed surfaces, then λ in PML(∂ext(M)) lies in the Masur domain, denoted
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O(M), if it has nonzero intersection number with every element of M′. If
M is a connect sum of two trivial I-bundles over closed surfaces, then an
element λ in PML(∂ext(M)) lies in O(M) if it has nonzero intersection
number with every lamination in M′′.
The Masur domain O(M) is an open set in PML(∂ext(M)) on which
Mod(M), the group of isotopy classes of homeomorphisms of ∂ext(M) that
extend to homeomorphisms of the compression body, acts properly discon-
tinuously ([29] and [36] Proposition 1.4). In particular, if λ is the support of
an element in O(M), then λ intersects every essential annulus in M . Oth-
erwise, Dehn twists about an essential annulus missing λ produce infinitely
many elements in the stabilizer of λ in Mod(M), which would contradict
the proper discontinuity of the action.
For a general hyperbolizable 3-manifold M with compressible boundary,
Lecuire described an extension of the Masur domain, called the set of doubly
incompressible laminations. A measured lamination (λ, µ) is doubly incom-
pressible if there exists a constant η > 0 such that i(λ, ∂E) > η for any
essential disc or essential annulus E. When M is a compression body, the
pre-image of O(M) in ML(S) is contained in D(M) ([26], Lemma 3.1).
1.3 Pleated surfaces
Pleated surfaces are one type of 1-Lipschitz maps from negatively curved
surfaces into hyperbolic 3-manifolds.
Definition 4. A pleated surface in a hyperbolic 3-manifold N is a surface
S with a hyperbolic metric τ of finite area and a map h : (S, τ)→ N which
takes rectifiable arcs in S to rectifiable arcs of the same length in N such that
every point x in S lies in the interior of some geodesic arc that is mapped
by p to a geodesic arc in N . The pleating locus is the set of points in S that
lie in the interior of exactly one geodesic arc that is mapped to a geodesic
arc in N .
The pleating locus is a geodesic lamination that maps to a union of
geodesics in N . Although there can be many pleated surfaces in a fixed
homotopy class realizing a geodesic lamination λ, the image of λ in N is
unique in that homotopy class ([11], Lemma I.5.3.5). If T is an incompress-
ible boundary component of N and λ is a filling lamination on T, then λ
can be realized as the pleating locus of a pleated surface homotopic to the
inclusion of T in N . When T is a compressible boundary component of N
and λ ⊂ T is the support of a doubly incompressible lamination, then λ
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can be realized as the pleating locus of a pleated surface homotopic to the
inclusion of T in N ([26], Theorem 5.1).
1.3.1 Ends of hyperbolic manifolds
The ends of N are in one-to-one correspondence with the components of
∂C − P, where C is a relative compact core and P is the intersection of
C with the noncompact components of Nthin() (for a precise definition of
ends see [22], Section 4.23). Any hyperbolic 3-manifold N with finitely gen-
erated fundamental group has finitely many ends. An end is geometrically
finite if it has a neighborhood U which does not intersect C(N) and is ge-
ometrically infinite otherwise. By the Tameness Theorem ([1], [7]), we can
choose a relative compact core C such that N0 − int(C) is homeomorphic
to ∂C − P × [0,∞), where int(C) is the interior of C. Suppose that E is a
component of N0 − int(C) homeomorphic to T× [0,∞). If E is geometrically
infinite, then there exists a sequence αi of closed geodesics, homotopic in
E to simple closed curves on T that leave every compact set of E. Fix a
hyperbolic surface T ′ and a homeomorphism T ′ → T . If α′i is the geodesic
on T ′ mapping to αi, then α′i/lT ′(α
′
i) converges in ML(T ′) to a measured
lamination (λ, µ) such that its support λ is independent of the sequence {αi}
([3], [8]). In this situation λ is called the ending lamination for the end E. It
is minimal and is the support of a filling doubly incompressible lamination
([8] Corollary 10.2).
1.3.2 Cannon-Thurston maps
Let X and Y be Gromov hyperbolic metric spaces and i : X → Y an
embedding. A Cannon-Thurston map for i is a continuous extension iˆ :
Xˆ = X ∪∂X → Yˆ = Y ∪∂Y where ∂X and ∂Y are the geodesic boundaries
of X and Y, respectively. By continuity, if iˆ exists, it is unique. If i is a quasi-
isometric embedding, then the existence of iˆ is immediate since two geodesics
that are within a bounded distance of each other in X map to two quasi-
geodesics that are within a bounded distance of each other in Y . Cannon
and Thurston ([17]) showed the existence of such maps when Y is the Cayley
graph of the fundamental group a closed hyperbolic 3-manifold fibering over
the circle, and X is the subgraph associated to the fiber subgroup.
Suppose ρ is a discrete and faithful representation of G into PSL(2,C)
and τρ : CS(G)→ H3 is an orbit map (see Section 2 for more details on this
map). The existence of Cannon-Thurston maps for τρ and the characteriza-
tion of points that are not mapped injectively by such maps is a well-studied
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problem. The results we will use in this paper are due to Floyd ([18]) for
the case when ρ is geometrically finite, and Mj ([33]) for the case when ρ is
geometrically infinite without parabolics.
Theorem 5 (Floyd). Let ρ be a geometrically finite representation of G.
Then, τρ : CS(G) → H3 extends continuously to τ¯ρ : CS(G) → H3. More-
over, τ¯ρ is 2 : 1 onto parabolic points of rank one and injective elsewhere.
In order to state Mj’s characterization of which points map noninjec-
tively, we need a way to identify endpoints of leaves of ending laminations
with points in ∂CS(G). Suppose that ρ is a purely hyperbolic geometri-
cally infinite representation of G into PSL(2,C). Let E be a geometrically
infinite end of Nρ. Recall from Section 1.3.1 that we can pick a standard
compact core C of Nρ such that the component of Nρ − C corresponding
to E is homeomorphic to T × (0,∞) where T is a boundary component of
M . Morever, there is a well-defined ending lamination λ on T . Then, λ is
doubly incompressible ([8], Corollary 10.2) if Nρ has compressible boundary
and λ is filling if Nρ has incompressible boundary. In either case, if ρ
′ is any
convex cocompact representation such that N ′ρ is homeomorphic to Nρ, then
λ is realizable by a pleated surface, p′ : T → Nρ′ homotopic to the inclusion
of T in Nρ′ . If l is a leaf of λ, then p
′(l) is a geodesic and its lift in H3 has
two well-defined endpoints in Λ(ρ′(G)). Since ρ′ is convex cocompact, τ ′ρ is
a quasi-isometric embedding. Hence it has a continuous extension τ ′ρ that
restricts to a homeomorphism from ∂CS(G) to Λ(ρ
′(G)). Under this home-
omorphism, the endpoints of l can be identified with two distinct points in
∂CS(G).
This identification is independent of the choice of pleated surface, since
the image of the pleating locus is independent of the choice of pleated surface.
This identification is also independent of the choice of ρ′ for if ρ′′ is another
choice of convex cocompact representation with Nρ′′ homeomorphic to Nρ′ ,
then ∂τρ′′ ◦∂τρ′|−1Λ(ρ′(G)) is a homeomorphism from Λ(ρ′(G)) to Λ(ρ′′(G)) that
sends the attracting fixed point an element ρ′(g) to the attracting fixed point
of ρ′′(g). If x is an endpoint of a leaf of p′(l), we can find xi → x such that
xi is the attracting fixed point of ρ
′(gi). Then, the attracting fixed points of
ρ′′(gi) approach an endpoint of p′′(l). We are now ready to state Mj’s result.
Theorem 6 (Mj). Let ρ be a purely hyperbolic representation with one ge-
ometrically infinite end. Then, τρ : CS(G) → H3 extends continuously to
τ¯ρ : CS(G) → H3. Moreover, τ¯ρ(a) = τ¯ρ(b) for a 6= b in ∂CS(G) if and
only if a and b are either end-points of a leaf of an ending lamination or
boundary points of a complementary ideal polygon.
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2 Separable-stable representations
In this section we describe the set of separable-stable representations and
show that it is a domain of discontinuity. The definition and proof closely
follow Minsky’s argument in the case that M is a handlebody in [32]. Much
of the content in this section applies more generally than in the situation of
a compression body and the general situation is carefully described in [28].
We omit the proofs of some general lemmas and provide references where
one can find detailed proofs.
Definition 7. If M is a compression body that is not the connect sum of two
trivial I-bundles over closed surfaces, an element g in pi1(M) is separable
if it corresponds to a loop in M that can be freely homotoped to miss an
essential disc. If M is the connect sum of two trivial I-bundles over closed
surfaces, an element g in pi1(M) is separable if it corresponds to a loop in
M that can be freely homotoped to miss an essential annulus contained in
one of the two trivial I-bundles.
Let G denote the fundamental group of M . For each g in G, let g− and
g+ denote the repelling and attracting fixed points of g acting on ∂CS(G).
Let LS(g) denote the set of geodesics connecting g− and g+ and SS denote
the set of geodesics l in CS(G) such that l is contained in LS(g) for some
separable element g.
Given a representation ρ : G→ PSL(2,C)) and a basepoint x inH3, there
exists a unique ρ-equivariant map τρ,x : CS(G)→ H3 taking the identity to
x and edges to geodesic segments.
Definition 8. A representation ρ : G→ PSL(2,C) is called (K,A)-separable-
stable if there exists a basepoint x in H3 such that τρ,x takes all geodesics in
SS to (K,A)-quasi-geodesics. A representation ρ is separable-stable if there
exists (K,A) such that ρ is (K,A)-separable-stable.
Separable-stability does not depend on the choice of x or S and is in-
variant under conjugation (see [28] Lemma III.2). Let SS(M) denote the
set of separable-stable representations in X (M).
The goal of this section is to show that SS(M) is a domain of disconti-
nuity.
Proposition 9. SS(M) is a domain of discontinuity for the action of
Out(pi1(M)) containing the interior of AH(M).
Proof. We start by showing that the set of separable-stable representations
is open. Openness follows immediately from the following two lemmas (for
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proofs see [28] Lemmas II.10 and III.5). The first is a characterization of
quasi-geodesics in terms of a nesting condition.
Lemma 10 (Minsky). Let G be a finitely-generated hyperbolic group acting
by isometries on H3. Given (K,A) there exists c > 0 and i ∈ N such that if
L′ = τ(L) is a (K,A)-quasi-geodesic, then Pj,i separates P(j+1),i and P(j−1),i
and d(Pj,i, P(j+1),i) > c. Conversely, given c > 0 and i ∈ N there exists
(K ′, A′) such that if L′ = τ(L) has the property that Pj,i separates P(j+1),i
and P(j−1),i and d(Pj,i, P(j+1),i) > c then L′ is a (K ′, A′)-quasi-geodesic.
Then, openness of SS(M) follows from the following lemma.
Lemma 11. For any separable-stable representation [ρ0] in X (M), there
exists a neighborhood U[ρ0] of [ρ0] and constants c
′ > 0, i′ ∈ N such that for
any [σ] in U[ρ0] and any geodesic l in SS, the hyperplanes, Pj,i′ corresponding
to τσ,x(l) have the property that Pj,i′ separates P(j+1),i′ and P(j−1),i′ and
d(Pj,i′ , P(j+1),i′) > c
′.
To see that SS(M) is Out(pi1(M))-invariant it suffices to show that any
automorphism f of pi1(M) preserves the set of separable elements. Then, the
isometry from Cf(S)(G) → CS(G) that is the identity map on vertices will
send the elements of Sf(S) to SS . Since the image of τρ◦f−1,x : Cf(S)(G) →
H3 coincides with the image of τρ,x : CS(G)→ H3, if ρ sends elements in SS
to (K,A)-quasi-geodesics, then τρ◦f−1,x sends elements in Sf(S) to (K,A)-
quasi-geodesics. Since separable-stability is independent of the choice of
generators of G, we have that ρ ◦ f−1 will also be separable-stable.
If M is a compression body that is not the connect sum of two trivial
I-bundles, then an element g is separable if and only if g lies in a proper
factor of a decomposition of M into a free product. Indeed, if g corresponds
to a curve that is freely homotopic to a curve missing an essential separating
disc corresponding to the splitting H ∗K, then g lies in either H or K, up
conjugation. If g corresponds to a curve that is freely homotopic to a curve
missing an essential nonseparating disc, then there is a splitting H∗{1} such
that g lies in H, up to conjugation. Since H∗{1} ∼= H ∗ Z, we have that g
lies in a proper factor of a free decomposition. The converse follows from
Lemma 2. This implies that separability is preserved under automorphisms.
For the remaining case, suppose that M is the connect sum of S1 × I
and S2× I where Si is a closed surface of genus at least two. First, we want
to see that g is separable if and only if there is a decomposition of pi1(M) as
pi1(M) ∼= (H ∗<c>K) ∗L or pi1(M) ∼= (K∗<c>) ∗L such that g lies in K ∗L
satisfying the following
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(a) L ∼= pi1(Si)
(b) H ∗<c> K ∼= pi1(Sj) in the first type of decomposition or (K∗<c>) ∼=
pi1(Sj) in the second type of decomposition where i 6= j
(c) c is freely homotopic to a simple closed curve on Sj
If g is separable, then it misses an essential annulus A in Sj × I. If c is
the core curve of A, then pi1(Sj) decomposes as H ∗<c>K or K∗<c>. Then
pi1(M) decomposes as pi1(M) = H∗<c>K∗pi1(Si) or pi1(M) = pi1(Si)∗K∗<c>
such that g lies in K ∗ pi1(Si). Conversely, if g is an element in pi1(M) that
lies in K ∗ L for a decomposition of one of the above types, then g misses
the essential annulus c× I.
Now, it suffices to show that such a decomposition is preserved under
automorphisms. If φ is an automorphism of pi1(M), then φ((H ∗<c> K) ∗
L) = (φ(H) ∗<φ(c)> φ(K)) ∗ φ(L). By the Kurosh subgroup theorem ([24]),
φ(H)∗<φ(c)>φ(K) is conjugate to pi1(Sj) and φ(L) is conjugate to pi1(Si). Up
to composition with an inner automorphism and potentially switching the
factors, φ(pi1(Sj)) = pi1(Sj) and φ(L) = pi1(Si) ([14] Lemma 9.1.2). Since
homotopy equivalence of closed surfaces are homotopic to homeomorphisms,
φ(c) is a simple closed curve on Sj .
That SS(M) contains the interior of AH(M), follows from a result of
Sullivan ([39]) that the interior of AH(M) consists of convex cocompact
representations and hence have orbit maps that are quasi-isometric embed-
dings.
It remains to show that the action of Out(pi1(M)) on SS(M) is properly
discontinuous. The idea is that separable-stability will imply that trans-
lation length of a separable in the Cayley graph is coarsely the same as
translation length of the corresponding isometry in H3. To show proper
discontinuity of the action it will suffice to show that only finitely many
automorphisms, up to conjugation, can change the translation length of all
separable elements in the Cayley graph by a bounded amount.
Let lρ(g) denote the translation length of ρ(g) in H3, and let ||g|| denote
the minimum translation length of g in CS(G). The following lemma (see
[28] Lemma III.7) states that for each compact set in SS(M), the translation
length of a separable element in H3 and in CS(G) is coarsely the same. For
each (K,A)-separable-stable representation, since the orbit of a separable
element is a (K,A)-quasi-geodesic the translation length in H3 and in CS(G)
are coarsely the same. By Lemma 11, in a compact subset of SS(M) one
can choose uniform constants (K,A).
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Lemma 12. Let C be a compact subset of SS(M). There exists r,R > 0
such that
r ≤ lρ(g)||g|| ≤ R
for all g separable and all representations [ρ] in C.
Now suppose that [f ] is an element in Out(G) such that f(C) ∩ C 6= ∅.
Applying the above inequalities we have that for any [ρ] in C and any w
separable,
||f−1(w)|| ≤ 1
r
lρ(f
−1(w)) =
1
r
lρ◦f−1(w) ≤
R
r
||w||.
We will need that there are a sufficient number of separable elements.
In particular, there is a generating set of pi1(M) such that each generator
and any two fold product of generators is separable. Indeed if M is a large
compression body, take a maximal decomposition of G into a free product,
G = G1 ∗ · · · ∗ Gn. Let X be the union of finite generating sets for each
factor. Since n is at least three, any two fold product of distinct generators
is separable. If M is a small compression body, let X be the union of the
standard generators of each closed surface group factor and a generator for
the infinite cyclic factor if there is a handle. In the case that M is a connect
sum of two trivial I-bundles over closed surfaces, it is clear that any two
fold product of such generators is separable. In the case that M is a trivial
I-bundle over a closed surface with a one handle, we only need to concern
ourselves with products of the form xi1xi2 where xi1 is part of the generating
set for the closed surface group and xi2 is the generator for the infinite cyclic
factor. Then, xi2 misses D an essential disc. Let f be an automorphism of G
that is the identity on the surface group factor and maps xi2 to xi1xi2 . By the
discussion in the proof of Lemma 2, f is realizable by a homeomorphism f ′.
Hence xi1xi2 misses the essential disc f
′(D). LetW = {xi, xixj |xi, xj ∈ X}.
Then, by the following lemma (see [32] Lemma 3.4 or [10] Proposition 2.3),
the action is properly discontinuous.
Lemma 13. For any N > 0, the set
A = {[f ] ∈ Out(G)| ||f(w)|| ≤ N ||w||| for all w ∈ W}
is finite.
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3 Separable-stable points on ∂AH(M)
The goal of this section is to prove the existence of separable-stable points
on ∂AH(M) (Proposition 22). Together with Proposition 9 these examples
will complete the proof of Theorem 1. These points will correspond to
pinching either a Masur domain curve or a Masur domain lamination on
the exterior boundary of M. Using Lemma 20, it suffices to show that all
separable geodesics lie in a compact set. Roughly speaking, if this were
not the case, then one could find a sequence of fixed points of separable
elements in ∂CS(G) approaching an endpoint of an end invariant. We use
the Whitehead graph to form a dichotomy between separable elements and
Masur domain laminations to show that such a situation is impossible.
3.1 The Whitehead graph for a compression body
In this section we define the Whitehead graph for a closed geodesic or Masur
domain lamination with respect to a fixed system of meridians α on M . The
generalization of Whitehead graphs to compression bodies was developed in
Otal’s The`se d’Etat ([36]).
3.1.1 The handlebody case
We will start by describing Whitehead’s original construction in the case
when M is a handlebody ([41], [42], see [38]). As this is discussed in detail
in [32], we will sketch this case and discuss the case of compression bodies
that are not handlebodies in detail. For a fixed free symmetric generating
set X = {x1, . . . , xn, x−11 , . . . , x−1n } of pi1(M) and a word w = w1 · · ·wk in
pi1(M), the Whitehead graph of w with respect to X is the graph with 2n
vertices x1, x
−1, . . . , xn, x−1n and an edge from x to y−1 for each string xy in
w or any cyclic permutation of w. In this situation Whitehead ([41]) proved
the following.
Lemma 14. (Whitehead) Let g be a cyclically reduced word. If the White-
head graph of g with respect to X is connected and has no cutpoint, then g
is not primitive.
A word w1 · · ·wk is cyclically reduced if it is reduced and satisfies w1 6=
w−1k . A cutpoint is a vertex whose complement is disconnected. A primitive
element in a free group is an element that lies in a free generating set for
the group. In particular, a primitive element is separable.
Otal extended Whitehead’s condition to laminations on the boundary
of the handlebody as follows. If X is a free generating set for pi1(M), then
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it is dual to a system of properly embedded essential discs on M whose
complement is a 3-ball. If D = {D1, . . . , Dn} is such a system of disks,
then Otal calls a lamination λ in tight position with respect to D if there
are no waves on D disjoint from λ. A wave is an arc k properly embed-
ded in ∂M − ∂D such that k is homotopic in M but not in ∂M into ∂D.
Cutting ∂M along D, produces a planar surface with 2n boundary compo-
nents D+1 , D
−
1 , D
+
2 , D
−
2 , . . . , D
+
n , D
−
n . The vertices of the Whitehead graph
are in one-to-one correspondence with these boundary components. There
is an edge between two vertices if there is an arc of λ− ∂D connecting the
corresponding boundary components. Otal proved that for laminations in
the Masur domain of M that are in tight position with respect to D, the
Whitehead graph is connected and has no cutpoints ([36] Proposition 3.10,
see [32] Lemma 4.5). Moreover, if λ is a Masur domain lamination, then
there always exists a system of discs D such that λ is in tight position with
respect to D.
3.1.2 Compression bodies that are not handlebodies
Here we will discuss the Whitehead graph of compression bodies that are not
handlebodies. Fix σ : G→ PSL(2,C) a convex cocompact representation of
G such that Nσ = H3/σ(G) is homeomorphic to the interior of M .
Definition 15. A system of meridians is a collection α = {α1, . . . , αn}
of disjoint, pairwise nonisotopic, simple closed curves on ∂extM that bound
discs D = {D1, . . . , Dn} in M such that M−N (D) consists of a collection of
trivial I-bundles over closed surfaces, where N (D) is a regular neighborhood
of D.
Since σ is convex cocompact, Nσ = Nσ ∪ ∂CNσ is homeomorphic to M .
We will often identify ∂M with ∂CNσ. Let α be a system of meridians
bounding the discs D = D1 ∪ · · · ∪ Dn. Let Σ1 × I, . . . ,Σk × I be the
components of Nσ −N (D). Let µ be a subset of Λ(σ(G))×Λ(σ(G)) that is
σ(G)-invariant and also invariant under switching the two factors. Most of
the time µ will be one of the two following sets:
• If γ is a closed geodesic in Nσ, let µγ be all pairs of endpoints of the
lifts of γ.
• If λ is a Masur domain lamination, then it is realizable by a pleated
surface h : S → Nσ homotopic to the inclusion map. Let µλ be all
pairs of endpoints of lifts of leaves in h(λ).
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Recall from Section 1.3 that h(λ) is independent of the choice of pleated
surface. Γα(µ), the Whitehead graph of µ with respect to α, is a collec-
tion of not necessarily connected graphs, Γα(µ)
Σ1 , . . . ,Γα(µ)
Σk , where the
elements in the collection are in one-to-one correspondence with the com-
ponents of Nσ − D. In Nσ − N (D), there are two copies D+i and D−i of
each Di in D. Given a component Σ × I of Nσ − N (D), the vertices in
the corresponding graph Γα(µ)
Σ are in one-to-one correspondence with the
components of D+i and/or D
−
i of D in the frontier of Σ × I. Fix a Jordan
curve C in Λ(σ(G)) that is invariant under a conjugate of pi1(Σ), which we
will continue to denote pi1(Σ). To avoid superscripts, we will abuse notation
and let D1, . . . , Dm denote the vertices of this component. Let F denote
the boundary component of Σ × I coming from ∂extM . Fix a lift ∂˜Di of
each ∂Di in ∂H3 such that ∂˜Di lies in the component of the preimage of F
containing C on its boundary. Let Ui be the open set in ∂H3, bounded by
∂˜Di not containing C. The edges from Di to Dj will be in one-to-one cor-
respondence with elements g in pi1(Σ) such that µ∩ (Ui× gUj) is nonempty.
We will denote such an edge (Ui, gUj). Notice that although these edges are
directed, for each edge from Ui to Uj labeled g, there is an edge from Uj to
Ui labeled g
−1.
Definition 16 (Otal). A connected component of Γα(µ)
Σ is strongly con-
nected if there exists a cycle that represents a nontrivial element of pi1(Σ).
A connected component of Γα(µ)
Σ has a strong cutpoint if we can express
the graph as the union of two graphs G1 and G2 that intersect in a single
vertex such that either G1 or G2 is not strongly connected.
We take the convention that a cycle
(Ui1 , g1Ui2), (Ui2 , g2Ui3), . . . , (Uik , gkUi1)
corresponds to the group element g1 · · · gk. We made two choices when
defining the Whitehead graph, the lifts Ui of Di and the Jordan curve C.
Suppose that we pick a different set of lifts U ′1, . . . , U ′m of D1, . . . , Dm. Then
U ′i = hiUi for some hi in pi1(Σ). There is an edge (Ui1 , gUi2) in the original
graph if and only if there is an edge (U ′i1 , hi1gh
−1
i2
U ′i2) in the new graph. In
particular, there is a cycle (Ui1 , g1Ui2), . . . , (Uik , gkUi1) in the original graph
if and only if there is a cycle
(U ′i1 , hi1g1h
−1
i2
U ′i2), . . . , (U
′
ik
, hikgkh
−1
i1
U ′i1)
in the new graph. Since g1 · · · gk is nontrivial if and only if hi1g1 · · · gkh−1i1 is
nontrivial, the above definitions do not depend on the choice of lifts Ui.
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Suppose we choose a different Jordan curve C ′. Then there exists an
element a in G such that C ′ = aC. The lifts aUi of Di will lie in the appro-
priate component of the preimage of F in ∂H3, namely the one containing
C ′ on its boundary. Since µ is σ(G)-invariant there is an edge between Ui
and gUj if and only if there is an edge between aUi and aga
−1aUj ; in par-
ticular, any edge labeled g in the original graph is now an edge in the new
graph labeled aga−1. So the above definitions do not depend on the choice
of Jordan curve C.
3.1.3 Topological Interpretation
In the case when µ = µλ for a Masur domain lamination λ, Otal describes
a topological interpretation of the Whitehead graph in terms of the exterior
boundary. As in the handlebody case, there is a notion of tight position.
Definition 17. A measured lamination λ on ∂extM is in tight position
relative to α a system of meridians if there does not exist a wave k disjoint
from λ properly embedded in S − α, where a wave is an arc satisfying the
following.
• the interior of k is disjoint from α.
• k can be homotoped in Nσ but not in ∂M relative to its endpoints to
an arc contained in some αi.
Observe that if λ is in tight position, then there are no waves in λ. If λ is
a Masur domain lamination then there exists a system of meridians α such
that λ is in tight position with respect to α ([29], Section 3 for handlebodies,
[36] Theorem 1.3 for general compression bodies). Such a system is obtained
by minimizing the intersection number with λ. Assume that λ is in tight
position with respect to α. We will start by defining a related collection
of graphs denoted Γ′α(λ). Consider the collection of surfaces with boundary
obtained by cutting ∂extM along α. For each αi in α, there are two boundary
components α+i and α
−
i in the new collection of surfaces with boundary. For
each component F of S−α, we will define a graph of Γ′α(λ)F as follows. The
vertices will be in one to one correspondence with the copies of α+i and/or
α−i in the frontier of F . We will abuse notation and relabel the boundary
components αi to avoid superscripts. The edges from the vertex αi to the
vertex αj are in one-to-one correspondence with the isotopy classes of arcs
on ∂extM in λ connecting αi and αj .
There is a natural surjective map from Γ′α(λ) → Γα(µλ) defined as fol-
lows. Take the obvious map on the vertices. Suppose that [k] is an edge
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Figure 1: The edges [k] and [k′] in Γ′α(µ) get identified in Γα(µ).
connecting αi and αj . Let Di and Dj denote the corresponding vertices in
Γα(µλ) and let Ui and Uj be the fixed lifts of Di and Dj , respectively. Take
the lift k˜ of k intersecting Ui. Since λ is in tight position with respect to α,
we have that k˜ will have one endpoint in Ui and the other in gUj for some
g in pi1(Σ). Map the edge [k] in Γ
′
α(λ) to the edge (Ui, gUj) in Γα(µλ). To
see that (Ui, gUj) is an edge in Γα(λ) we will need the following two facts.
• Any lift of a leaf l of λ has two well-defined endpoints x1 and x2 in
Λ(σ(G)).
• (x1, x2) are the endpoints of h(l), where h : S → Nσ is a pleated
surface realizing λ.
To see a proof of the first fact see Lemma 1 in [23]. The second fact is
clear since it is true for simple closed curves in the Masur domain and we
can approximate λ by such curves.
Now, if we consider the leaf l˜ of λ˜ containing the arc k˜ its endpoints
must be contained in Ui and gUj by tightness.
To see that the map is surjective, given an edge (Ui, gUj) in Γα(µλ),
there exists a leaf l˜ with endpoints in Ui and gUj . This will give an arc
between αi and αj . Two edges [k] and [k
′] in Γ′α(λ) are identified in Γα(µλ)
if and only if they are homotopic in Nσ (see Figure 1). Hence edges in the
Whitehead graph between Di and Dj correspond to homotopy classes of
arcs of λ joining ∂Di and ∂Dj .
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3.1.4 Whitehead graphs of separable curves and Masur domain
laminations
In this section we give Otal’s generalization of Whitehead’s lemma, namely
that for a separable element g there exists a connected component of Γα(µg)
that is either not strongly connected or has a strong cutpoint. On the other
hand, Otal also showed that the Whitehead graph of a Masur domain curve
in tight position with respect to α is strongly connected and without a strong
cutpoint. We will use this dichotomy in Section 3.2.
Proposition 18 (Otal, Proposition A.3). Let M be a nontrivial compression
body that is neither the connect sum of two trivial I-bundles over closed
surfaces nor a handlebody. If g is a separable element of G = pi1(M), then
some connected component of Γα(µg) is not strongly connected or has a
strong cutpoint.
Proof. Let γ be the geodesic representative of σ(g) in Nσ. Since M is not the
connect sum of two trivial I-bundles, by Lemma 2, there exists an essential
disc ∆ disjoint from γ. As ∆ is only well-defined up to isotopy we will often
abuse notation and use ∆ to refer to different representatives of the isotopy
class of ∆.
First consider the case where ∆ does not intersect D, up to isotopy. Then
∆ is isotopic (rel boundary) into the boundary of some component Σ× I of
Nσ−N (D). Consider the sets A = {Di|Di ⊂ ∆} and Ac = {Di|Di 6∈ A}. If
A is empty, then ∆ is isotopic to some Di. This implies that Di is an isolated
vertex in the Whitehead graph. Moreover, any edge connecting Di to itself,
is labeled with the trivial element as γ does not intersect Di. In particular,
the connected component containing Di is not strongly connected. If A is
nonempty, first observe that no vertex in A can be connected to a vertex in
Ac. Let C be any connected component of Γα(µγ)Σ containing a vertex in
A. Then, C is not strongly connected for if (Ui1 , g1Ui2), . . . , (Uik , gkUi1) is
a cycle in C and if ∆˜ is the lift of ∆ containing Ui1 , then ∆˜ also contains
g1 · · · gkUi1 since γ does not intersect ∆. In particular, the cycle is trivial as
the stabilizer of ∆˜ is trivial.
If ∆ and D intersect nontrivially, up to isotopy, ∆ ∩D is a finite collec-
tion of disjoint properly embedded arcs. Take k0 an innermost arc in this
collection, meaning that one of the discs ∆0 formed by ∂∆ and k0 has inte-
rior disjoint from D. Then, ∆0 lies in some component Σ×I of Nσ−N (D).
So ∂∆0 intersects one of the Di in the frontier of Σ× I nontrivially. Let D0
denote that disc. Moreover, ∆0 is isotopic relative to its boundary into the
boundary of Σ× I. Let C denote the connected component of Γα(µγ)Σ con-
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γ˜1
γ˜2
γ˜3
U0
g0U1
g0g1U2
g0g1g2U3
∆˜0
1
Figure 2: If there is a non-trivial cycle (U0, g0U1), . . . , (Uk, gkU0), then U0
and g0g1g2 · · · gkU0 will both intersect ∆˜0.
taining D0. Consider B the set of vertices in C such that the corresponding
discs Di in Σ × I are contained in ∆0. Notice that if B is empty, then we
can isotope ∆ to remove k0 from the intersection and repeat the procedure
above. Let C denote the set of vertices in C such that the corresponding
discs Di in Σ× I are disjoint from ∆0. The only vertex not lying in either
set is D0. We claim that D0 is a strong cutpoint of C where the graph
associated to the vertices in B is not strongly connected. In particular, if C
is empty, then C is not strongly connected.
First, we want to show that no vertex in B is connected by an edge to
a vertex in C. Suppose that there is an edge (Ub, gUc) where Ub is the fixed
lift of a vertex in B and Uc is the fixed lift of a vertex in C, i.e., there is a
lift γ˜ of γ such that one endpoint lies in Ub and the other endpoint lies in
gUc. This implies that γ must intersect ∆0 nontrivially, which contradicts
how we chose ∆0.
Secondly we want to show that the subgraph associated to B is not
strongly connected. Suppose there is a cycle (U0, g0U1), . . . , (Uk, gkU0) such
that g0 · · · gk is nontrivial. If ∆˜0 is the lift of ∆0 containing g0U1, then U0
and g1 · · · gkU0 intersect ∆0 (see Figure 2). This is impossible as it implies
that either there is a nontrivial curve in ∆0 or ∆0 ∩ D0 consists of two
connected components, contradicting how we chose ∆0.
Proposition 19 (Otal, Propostion A.5). Let λ be a measured lamination in
the Masur domain that is in tight position with respect to a system of meridi-
ans α. Then, each connected component of Γα(µλ) is strongly connected and
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without a strong cutpoint.
Proof. We will use the topological interpretation of the Whitehead graph
discussed in Section 3.1.3. Suppose that a component C of Γα(µλ)
Σ is not
strongly connected. Let D1, . . . , Dk be the components of D that correspond
to the vertices in C. Let A be the union of the Di and λ∩Σ. Take N (A) a
regular neighborhood of A. The boundary of N (A) consists of simple closed
curves that each bound a disc in Σ, as C is not strongly connected. One of
these boundary components b must bound a disc containing some Di. Then,
b is nontrivial on ∂extM and so we have found a meridian that misses λ, a
contradiction.
Suppose that C has a strong cutpoint. Let F denote Σ − ∪ int(Di).
Let D0 correspond to the strong cutpoint and let G1 and G2 be the two
graphs whose intersection is D0 such that G1 is not strongly connected.
Let β1, . . . , βt be the merdians in F corresponding to vertices of G1. Let
λ′ ⊂ λ ∩ F consisting of arcs intersecting at least one βi. Let N denote a
regular neighborhood of λ′ ∪ (∪βi). The boundary of N consists of closed
curves c1, . . . , cl and arcs a1, . . . , as with endpoints lying on α0. Since G1
is not strongly connected, each ci bounds a disc. We claim that at least
one of the arcs ai is a wave, i.e., an arc disjoint from λ, homotopic relative
to its endpoints, in M but not in ∂extM into α0. Indeed, any ai is disjoint
from λ, by construction and homotopic in M into α0, since G1 is not strongly
connected. For each arc ai choose an arc bi in α0 sharing the same endpoints
as bi such that ai ∪ bi bounds a disc not containing α0. At least one of the
loops c1, . . . , cl, a1 ∪ b1, . . . , as ∪ bs contains some βi, since they form the
boundary components of N . If ci contained some βi, then βi would not
be connected to α0, which contradicts how we chose βi. Therefore, some
ak∪bk bounds a disc containing at least one βi. In particular, ak will not be
homotopic in ∂extM into α0. So ak is a wave disjoint from λ, a contradiction
to the assumption that λ is in tight position (see Figure 3).
3.2 Examples of separable-stable points on ∂AH(M)
In this section we prove Proposition 22, which shows that two types of
points on ∂AH(M) are separable-stable; namely that a geometrically finite
point with one cusp associated to a Masur domain curve is separable-stable
and a purely hyperbolic geometrically infinite point with one geometrically
infinite end corresponding to the exterior boundary component is separable-
stable. The case that a geometrically finite point with one cusp associated
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Figure 3: The arc ak is a wave disjoint from λ.
to a Masur domain curve for handlebodies is separable stable was proven by
Minsky [32]. The case that a purely hyperbolic geometrically infinite point
is separable-stable for handlebodies was proven by Jeon-Kim in [21].
Lemma 20. Let ρ be a discrete and faithful representation of pi1(M) into
PSL(2,C). Then ρ is separable-stable if and only if
(a) ρ(g) is hyperbolic for any separable element g and
(b) there exists a compact subset Ω of Nρ = H3/ρ(pi1(M)) such that the set
of geodesics corresponding to separable elements of pi1(M) is contained
in Ω.
Proof. For the forward direction, suppose that ρ is (K,A)-separable-stable.
Then, ρ(g) must be hyperbolic for all separable-elements g for if ρ(g) were
parabolic, then for any geodesic l connecting the fixed points g+ and g−
on ∂CS(G), τρ,x(l) would not be a quasi-geodesic. For the second property,
notice that elements of S stay within a bounded neighborhood of their corre-
sponding geodesic axes in H3. In particular, geodesics representing separable
elements will stay in a bounded neighborhood of the image of the Cayley
graph in Nρ, which is a compact set.
Conversely, suppose that ρ(g) is hyperbolic for all separable elements g
and that there exists a compact set Ω such that all separable-geodesics of
Nρ are contained in Ω. Without loss of generality, since Nρ is tame (by [1]
or [7]), we can assume that Ω is a compact core C of Nρ containing the
image of CS(G)/ρ(G) in Nρ. This implies that Ω˜, the preimage of Ω in
H3, is connected. For some (K,A), we have that τρ,x : CS(G) → Ω˜ ⊂ H3
is a (K,A)-quasi-isometry from CS(G) to Ω˜ with the intrinsic metric. In
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particular, any geodesic l in S connecting g− and g+, the fixed points of
g, maps to a (K,A)-quasi-geodesic in Ω˜, with the intrinsic metric. Then,
τρ,x(l) lies in a R = RΩ(K,A)-neighborhood of Ax(g) in the intrinsic metric
and also with the extrinsic metric, where, Ax(g) is the axis of ρ(g) in H3. If
x, y lie on τρ,x(l) and if pi denotes the closest point projection onto Ax(g) in
Ω˜, then
dΩ˜(x, y) ≤ dΩ˜(pi(x), pi(y)) + 2R = dH3(pi(x), pi(y)) + 2R ≤ dH3(x, y) + 4R
This implies that τρ,x(l) is a (K,A + 4R)-quasi-geodesic in Ω˜ with the ex-
trinsic metric. Hence ρ is (K,A+ 4R)-separable-stable.
Lemma 21. Let ρ be a discrete faithful representation such that ρ(g) is
hyperbolic for all separable elements g. If ρ is not separable-stable, then
there exists a sequence of separable elements gi such that the endpoints of
Ax(ρ(gi)) converge to a single point z in ∂H3 but the points g+i and g
−
i in
∂CS(G) converge to distinct points z
+ and z− in ∂CS(G).
Proof. By Lemma 20, since ρ is not separable-stable, the set of geodesics
homotopic to separable curves is not contained in any compact set of Nρ.
Let {γi} be a sequence of separable geodesics such that {γi} is not contained
in any compact set. Recall that the image of the Cayley graph under τρ,x
in Nρ has only one vertex, v. Choose Di approaching infinity such that γi
does not lie in a ball of radius Di around v.
Fix a set of lifts γ˜i of γi. Then γ˜i is an axis for ρ(gi) for some separable
element gi. Let li be a geodesic in the Cayley graph connecting g
+
i and g
−
i .
There exists a vertex vi on τρ,x(li) such that the distance to γ˜i is at least
Di. Shift li to l
′
i := v
−1
i · li. Then, l′i passes through e the identity element
and connects the fixed points of v−1i givi, which is still a separable element.
If γ˜′i is ρ(v
−1
i ) · γ˜i, the distance from x to γ˜′i is Di. This implies that, up to
subsequence, the endpoints of γ˜i approach a single point z on ∂H3. There
exists z+ and z− on ∂CS(G) such that up to subsequence, v−1i giv
+
i → z+
and v−1i giv
−
i → z−. Since each l′i passes through the e, z+ and z− are
distinct.
Proposition 22. Let ρ be a discrete and faithful representation such that
Nρ = H3/ρ(G) is homeomorphic to the interior of M satisfying one of the
following two conditions.
(a) ρ is a geometrically finite representation with one cusp associated to a
Masur domain curve or
23
(b) ρ is a purely hyperbolic representation where the end corresponding to
the exterior boundary is geometrically infinite and all other ends are
convex cocompact.
Then ρ is separable-stable.
Proof. Let λ ⊂ S be the cusp curve if ρ is of type (a) or the ending lamination
if ρ is of type (b). If ρ is not separable-stable, by Lemma 21 there exists
a sequence of separable elements gi such that the endpoints of Ax(ρ(gi))
converge to a single point z in ∂H3 but the points g+i and g
−
i in ∂CS(G)
converge to distinct points z+ and z− in ∂CS(G). In particular, z+ and z−
are identified under the Cannon–Thurston map for τρ,x.
Consider our fixed convex cocompact representation σ : G→ PSL(2,C)
used to define the Whitehead graph. If τ¯σ,x is the Cannon–Thurston map
for τσ,x, using the results of Floyd and Mj (see Section 1.3.2), τ¯σ,x(z
+) and
τ¯σ,x(z
−) are either
(a) endpoints of Ax(σ(g)) where ρ(g) is parabolic or
(b) endpoints of a leaf of the ending lamination or ideal endpoints of a
complementary polygon
where the first case occurs if ρ is of type (a) and the second case occurs if ρ
is of type (b) (as in the statement of the proposition).
Let µ∞ ⊂ Λ(σ(G))×Λ(σ(G)) be the set of limit points of {µgi}. Then µ∞
is σ(G)-invariant and invariant under switching the two factors. Moreover,
(τ¯σ,x(z
+), τ¯σ,x(z
−)) lies in µ∞.
Since ending laminations lie in the Masur domain (see Section 1.3.2), we
can choose α a system of meridians such that λ is in tight position with
respect to α (see Section 3.1.3). We first claim that Γα(µλ) is contained in
Γα(µ∞). In case (a) this is obvious as µλ is exactly the σ(G) translates of
(τ¯σ,x(z
+), τ¯σ,x(z
−)). In case (b), let L be the geodesic connecting τ¯σ,x(z+)
and τ¯σ,x(z
−) and l be the geodesic in Ω(σ(G)) that is a leaf of the preimage
of the ending lamination with one endpoint τ¯σ,x(z
+). Let w be the other
endpoint of l. Recall that to define the Whitehead graph we fixed a system
of meridians α on ∂CNσ that bound discs D. Let α˜i be a lift of one of the
meridians αi with the following property. ∂H3− α˜i has two components W1
and W2 such that τ¯σ,x(z
+) lies in W1 and τ¯σ,x(z
−) and w lie in W2. Let r
be the ray of l that starts at α˜i and ends at τ¯σ,x(z
+) (see Figure 4).
Edges in Γα(µλ) correspond to homotopy classes of arcs of λ connecting
the components of α. Since λ is minimal, r′ the image of r in ∂extM is dense
in λ. Then, for any edge in Γα(µλ) there is an arc of r
′ corresponding to that
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α˜i
 
 
w
τρ,x(z
−)
τρ,x(z
+)
r
 
1
Figure 4: r is a ray in ∂H3 that starts at α˜i and ends at τρ,x(z+).
edge. Let (U, gV ) be an edge of Γα(µλ) and r0 the arc of r
′ corresponding
to that edge, i.e., there is a lift r˜0 of r0 with one endpoint on ∂U and the
other on ∂gV . This means that there is a translate h · r of r such that
h · r intersects ∂U and ∂gV . This implies that h · τ¯σ,x(z+) lies in U or
gV . Without loss of generality assume that h · τ¯σ,x(z+) lies in gV . Then
it suffices to show that h · τ¯σ,x(z−) lies in U . Since r intersects U and is in
tight position with respect to α, the translate h · α˜i must lie inside U . This
implies that h · τ¯σ,x(z−) lies in U (see Figure 5). This completes the proof
of the claim.
Secondly, we observe that Γα(µλ) is a finite graph. In case (a) this is ob-
vious as λ is a closed curve. For case (b) recall the topological interpretation
of the Whitehead graph (see Section 3.1.3), where edges in the Whitehead
graph correspond to homotopy classes of arcs of λ with endpoints on ∂D,
relative to those endpoints. Since there can only be finitely many homo-
topy classes of arcs with endpoints on ∂D that can be realized disjointly on
∂extM , there can only be finitely many edges in Γα(µλ).
Since Γα(µλ) is a finite graph contained in Γα(µ∞) for i large enough,
Γα(µgi) contains Γα(µλ) as a subgraph. Notice that any vertex in Γα(µgi)
is also a vertex in Γα(µλ). We claim that this implies that Γα(µgi) must be
strongly connected and without a strong cutpoint by Proposition 19. Indeed,
since any vertex in Γα(µgi) is part of a nontrivial cycle in Γα(µλ), it is part
of the same nontrivial cycle in Γα(µgi). If Γα(µgi) had a strong cutpoint
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w
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1
Figure 5: Since λ is in tight position with respect to α there is a leaf with
one endpoint in U and the other in gV .
v, then the component of Γα(µλ) containing v would either be not strongly
connected or also have a strong cutpoint. When M is not the connect sum
of two trivial I-bundles over closed surfaces, this contradicts Proposition 18.
For the case when M is the connect sum of two trivial I-bundles over
closed surfaces, we first claim that each edge of Γα(µλ) “intersects” every
essential annulus, A, contained in each trivial I-bundle in the following sense.
Let M = (S × I)#(T × I). Suppose that A is an annulus in S × I or T × I.
Let ∂A = c1 unionsq c2. In defining the Whitehead graph, we fixed lifts S˜ and T˜
of S and T . If we take a lift c˜1 of c1 and the lift c˜2 of c2 with the same
endpoints as c˜1, then c˜1 ∪ c˜2 forms a loop in ∂H3. We will say that an edge
e = (Ui, gUj) intersects A if there exists lifts c˜1 and c˜2 in either S˜ or T˜ as
above such that Ui and gUj lie in different components of ∂H3 − (c˜1 ∪ c˜2).
If λ is a Masur domain lamination, then it intersects every essential
annulus. Using the topological interpretation of the Whitehead graph (see
Section 3.1.3), Γα(µλ) “intersects” every essential annulus in the sense above.
Since Γα(µλ) is a finite graph contained in Γα(µ∞) for i large enough,
Γα(µgi) “intersects” any essential annulus contained in one of the two trivial
I-bundles. This implies that the geodesic representative γi of gi intersects
any essential annulus contained in one of the two factors, a contradiction.
The assumption in Proposition 22 that each end corresponding to a
component of the interior boundary is incompressible is necessary as the
following proposition shows. Recall that pi1(M) = pi1(S1) ∗ . . . ∗ pi1(Sk) ∗Fj ,
where Si is a closed surface and Fj is the free group on j elements.
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Proposition 23. If [ρ] lies in ∂AH(M) such that ρ|pi1(Si) is not convex
cocompact, then [ρ] does not lie in SS(M). Moreover, if ρ|pi1(Si) is not
convex cocompact, then [ρ] cannot lie in a domain of discontinuity
Proof. If ρ|pi1(Si) has a cusp, then there is a separable element that maps to
a parabolic element. So ρ cannot be separable-stable. If ρ|pi1(Si) is geomet-
rically infinite, then in Nρ there is a sequence of separable geodesics exiting
every compact set, so ρ cannot be separable-stable by Lemma 20.
To see the second statement, suppose that ρ(g) is parabolic for a separa-
ble element g. Then, there exists a sequence of representations ρi in X (M)
such that ρi(c) is elliptic of finite order, ni (see [27] Lemma 15). Since g is
separable, there exists a nontrivial splitting, G = G1 ∗G2 such that g lies in
G1. The automorphism fni that restricts to conjugation by g
ni on G1 and
restricts to the identity on G2 fixes ρi. In particular, each ρi has an infinite
stabilizer, so, the limit [ρ] cannot lie in any domain of discontinuity.
Now suppose that ρ(g) is not parabolic for any separable element g but
ρ|pi1(Si) is geometrically infinite for some i. Then, we will describe a sequence
of representations ρk approaching ρ such that there exists a separable curve
gk with ρk(gk) parabolic. Since each ρk cannot lie in a domain of discon-
tinuity, neither can ρ. To find such a sequence first observe that ρ|pi1(Si)
is purely hyperbolic. By the covering theorem ([9]), it can have only one
geometrically infinite end and so it lies in the closure of a Bers slice, B. Let
λ be its ending lamination, and let γj be a sequence of simple closed curves
on Si approaching λ. Define a sequence of representations ρk satisfying the
following:
• ρk|pi1(Si) lies in B,
• ρk(γj) is parabolic and
• ρk|pi1(S1)∗...∗pi1(Si)∗...∗pi1(Sk)∗Fj = ρ|pi1(S1)∗...∗pi1(Si)∗...∗pi1(Sk)∗Fj .
Then, as B is compact, up to subsequence ρk|pi1(Si) converges to some ρ′ in
B. As the length function is continuous on AH(Si × I) ([4]), the length of
λ in ρ′ must be zero. In particular, λ must be an ending lamination for ρ′.
By the ending lamination theorem ([6]), possibly after conjugating, ρk|pi1(Si)
must converge to ρ|pi1(Si). On the other factors of pi1(M), by construction
ρk converges to ρ. Hence, ρk converges to ρ where ρk has a separable curve
pinched. Since [ρk] cannot lie in a domain of discontinuity, neither can
[ρ].
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4 Other homeomorphism types in AH(M)
So far we have found separable-stable points on ∂AH(M) that have the
same homeomorphism type as M . In this section, we show that if M is a
large compression body, then there exists M ′ homotopy equivalent but not
homeomorphic to M such that the for each component C of the interior
of AH(M) corresponding to M ′, no point on ∂C is separable-stable, even
though every point in C is separable-stable.
Proposition 24. Suppose that M ′ is homotopy equivalent to M such that
(a) M ′ is not homeomorphic to M
(b) for each compressible component B of ∂M ′, the subgroup i∗(pi1(B)) is
a free factor of pi1(M
′).
If C is a component of the interior of AH(M) corresponding to M ′, then
C − C has no separable stable points.
Proof. Let [ρ] be a purely hyperbolic point in C−C. Then ρ is the algebraic
limit of ρi in C such that Nρi is homeomorphic to the interior of M
′. Since
ρ has no parabolics, ρi converges to ρ geometrically (see [5]). Then, Nρ is
homeomorphic to Nρi ([15]). Since each boundary component of M
′ maps
to a proper factor of a free decomposition of pi1(M), there is a boundary
component B of M ′ such that the end corresponding to B is geometrically
infinite. Then, there exists a sequence of simple closed curves on B whose
geodesic representatives leave every compact set of Nρ. By Lemma 20, ρ
cannot be separable-stable, as any simple closed curve on B is separable.
Since purely hyperbolic points are dense in C − C ([12], Lemma 4.2, [34],
[35]), this completes the proof.
If M is a large compression body, then there always exists such an M ′.
Any M ′ homotopy equivalent to M with more than one compressible bound-
ary component will suffice. Suppose that B and B′ are two compressible
boundary components of M ′. Let m be a meridian in B′ bounding a disc
D. If D separates M ′ into M ′1 and M ′2, then pi1(M) ∼= pi1(M ′1) ∗pi1(M ′2) and
pi1(B) lies in one of the two factors. IfD is non-separating andM
′′ = M ′−D,
then pi1(M) ∼= pi1(M ′′)∗{1} ∼= pi1(M ′′) ∗ Z and pi1(B) lies in the first factor.
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